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Abstract. In this paper we study the asymptotic behavior of sequences of Heine-Stieltjes and Van Vleck poly-
nomials for a class of generalized Lamé differential equations connected with certain equilibrium problems on the
unit circle.
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1. Introduction. We consider a class of generalized Lamé differential equations
(1.1) A(z)y′′(z) +B(z)y′(z) + C(z)y(z) = 0 ,
where A is a polynomial of degree p+ 1, p ∈ N, and degB ≤ p. If there exists a polynomial
C for which (1.1) admits a polynomial solution y = ϕ, then C is called a Van Vleck poly-
nomial, and ϕ is known as a Heine-Stieltjes polynomial. In the simplest case, p = 1, (1.1) is
the usual hypergeometric equation (and Heine-Stieltjes polynomials are just hypergeometric
polynomials), and for p = 2 we obtain the so-called Heun equation.
In his well known work, Stieltjes [8] considered the particular setting when A has
only simple and real zeros a0, . . . , ap, and for j = 1, . . . , p the residue rj of the rational






possible Van Vleck polynomials C for which (1.1) admits a unique (up to
normalization) Heine-Stieltjes polynomial y = ϕ of degree N . (In a previous paper, Heine
[2] proved that in general σ (N) is an upper bound for the number of possible polynomials
C). Stieltjes showed that the collection of admissible pairs of polynomials (C,ϕ) is given
by all possible ways the N zeros of ϕ can be distributed in the open intervals defined by the
p+ 1 zeros of A. The location of the zeros is determined by the equilibrium position of unit
charges moving under the action of charges of weight rj fixed at the zeros aj of A.
There are not so many results on the Heine-Stieltjes polynomials when some of the re-
strictions imposed by Stieltjes are dropped. In fact, even the existence of these polynomials
is an open problem. In a recent paper Grinshpan [1] extended Stieltjes’ construction to a
class of generalized Lamé equations with coefficients symmetric with respect to the unit cir-
cle T = {z ∈ C : |z| = 1}, so that the zeros of the Heine-Stieltjes polynomials lie on T.
More precisely, let in (1.1) p = 2M , M ∈ N, and A be of the form
(1.2) A(z) = z
M∏
j=1
(z − zj)(zzj − 1) .
Using ideas from [1] it can be proved that if the residues of B/A satisfy certain conditions
(see below), then for each N ∈ N there exists a Van Vleck polynomial C for which (1.1)
admits a unique, up to normalization, Heine-Stieltjes polynomial of degree N with zeros
lying on T.
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In the classical situation described by Stieltjes, the asymptotic behavior of the Van Vleck
and Heine-Stieltjes polynomials, based on the electrostatic interpretation of their zeros, has
been described recently in [4] in terms of the equilibrium measures in presence of an external
field; see also the bibliography therein for some additional historical background. In this
paper we perform the asymptotic analysis of the configuration described in [1] in the spirit of
[4].
Let Λ be an infinite subset of N; for each N ∈ Λ define M = M(N) ∈ N and consider
a 1-parametric family of generalized Lamé differential equations of the type (1.1),
(1.3) AN (z)y
′′(z) +BN (z)y
′(z) + CN (z)y(z) = 0 , N ∈ Λ ,
whereAN are of the form (1.2), and CN are Van Vleck polynomials. In other words, for each
N ∈ Λ there exists a polynomial solution y = ϕN of (1.3) of degree N .
We study the asymptotic behavior of the sequences {ϕN} and {CN} asN → ∞,N ∈ Λ,















= λ ∈ [0,∞)
(implicitly, we assume the existence of this limit).
The outline of the paper is as follows. In Sect. 2 we state the problem in detail; the min-
imum energy problem on the unit circle associated with the Lamé equation above is briefly
described. The asymptotic behavior of Heine-Stieltjes and Van Vleck polynomials is ana-
lyzed in Sect 3. Finally, in Sect 4, our results are illustrated with some simple examples.
2. An equilibrium problem on the unit circle. We are given subsequences N ∈ Λ,
M = M(N) ∈ N, and the corresponding Lamé differential equations (1.3), with the follow-
ing symmetry conditions satisfied for each N ∈ Λ:
AN (z) = zQN (z) , BN (z) = QN (z) − zRN (z) ,
where
• QN is a polynomial of degree 2M with simple zeros and such that Q∗N (z) =
z2MQN (1/z) = QN (z); in particular, QN (0) 6= 0 and QN (z) 6= 0 for |z| = 1.
• RN is a polynomial of degree 2M − 1 such that if QN (ξ) = QN (ξ∗) = 0 , with









(z) > 0 .
Under these conditions, we know from [1] that there exists a polynomial CN of degree
≤ 2M − 1 such that (1.3) admits a polynomial solution y = ϕN of degree N . Its zeros
belong to T and define the unique equilibrium configuration in the external field generated by
positive charges fixed at the zeros of QN .
Let us denote by zNk, k = 1, . . . ,M , the zeros of QN that lie in the open unit disc
D = {z ∈ C : |z| < 1} (recall that we assume also that |zNk| > 0), and by z∗Nk = 1/zNk
their symmetric counterparts in E = {z ∈ C : |z| > 1}.
At each zNk we place a negative charge of value −wNk, where




(z) > 0 , k = 1, . . . ,M ,
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along with N movable unit positive charges λNk, k = 1, . . . , N on T. The problem consists
in minimizing the total (logarithmic) energy of the system. This setting extends the one
studied in [1], where M = N and wNk = 1 (k = 1, . . . ,M).
The total energy of the system described is given by
E (λN1, . . . , λNN ) = −
∑
k<l





wNl log |λNk − zNl|
and it is easy to verify that the equilibrium configuration is attained at points λNk ∈ T,




















 = 0, k = 1, . . . , N .
As it was shown in [1], for an equilibrium configuration {λN1 . . . , λNN} there exists a





is a polynomial solution of (1.3). Moreover, given the polynomial CN , the polynomial so-











y = 0 ,




wNk (z − z∗Nk)
wNk is a function satisfying that P ′N/PN =




















and, hence, we obtain that z (u′v − uv′) = const ·PN . Since PN (0) 6= 0, we conclude that
u and v are linearly dependent. Moreover, this argument shows that any other solution of the
differential equation cannot be regular at the origin.
3. Asymptotic behavior of Heine-Stieltjes and Van Vleck polynomials. We start by
recalling some facts from the logarithmic potential theory (for basic definitions, see e.g. [5,
Section I.1] or [7, Appendix]).
If µ is a finite and compactly supported Borel measure on the complex plane C, we
denote by supp(µ) its support, by
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its logarithmic energy (in fact, doubled).
A function w : T → R+ is an admissible weight on T if w is upper-semicontinuous and
the set {z ∈ T : w(z) > 0} has positive logarithmic capacity . The (admissible) external
field ψ on T is defined by
w(z) = e−ψ(z), z ∈ T ,
and the weighted energy Iψ(µ) of a Borel measure µ on T, by
Iψ(µ) = I(µ) + 2
∫
ψ dµ .
We now consider the problem of minimization of the weighted energy Iψ(µ) in the class
M of positive Borel unit measures on T. The following lemma is a direct consequence of
well-known results (see [5, Theorem I.1.3]):
LEMMA 3.1. If ψ is an admissible weight then there exists a unique µ = µ(ψ) ∈ M
(the equilibrium measure) such that
Iψ(µ) ≤ Iψ(ν) , for every ν ∈ M .




V (µ; z) + ψ(z)
)
= V (µ; z) + ψ(z) , z ∈ supp(µ) .
In particular, if ψ = 0, we have that µ is the normalized Lebesgue measure on T (called
also Robin distribution on T).
Recall also that given a unit Borel measure ν on C \T, the balayage measure ν̂ of ν onto
T is the unit measure supported on T such that
V (ν; z) − V (ν̂; z) ≡ const , z ∈ T ,
(cf. [5, II.4]).
Back to our problem, for each N and M = M(N), we know that given QN and RN as
above, there exists a polynomialCN of degree ≤ 2M − 1 for which the differential equation
(1.3) admits a unique (up to normalization) polynomial solution y = ϕN of degreeN , whose
zeros are in the equilibrium position described above. We have assumed also the existence of
the limit in (1.4).
If as above zNk denote the M zeros of QN which lie in D, wNk are given by (2.1), and







defines a unit positive measure with support in D. By a weak compactness argument, there
exists an infinite subsequence of Λ (that for simplicity we will denote by Λ again) such that
νN is convergent along Λ in the weak-* topology to a unit measure ν, supported in D:
(3.1) νN −→ ν , N ∈ Λ .
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In the same way, to each Heine-Stieltjes polynomial ϕN with the zeros λNk ∈ T, k =







THEOREM 3.2. In the conditions above,
(i) µN −→ µ, N ∈ Λ, where µ = µ(ψ) is the equilibrium measure of T in the external
field ψ = −λV (ν; ·).
Furthermore, for the monic Heine-Stieltjes polynomials {ϕN}N∈Λ it holds locally





= exp (−V (µ; z)) .
(ii) Assume additionally that there exists a compact set ∆ ⊂ D \ {0} such that
(3.3) zNk ∈ ∆ for k = 1, . . . , N, and for all N ∈ Λ sufficiently large.
Let ν̂ denote the balayage of ν from D onto T, and ωT stands for the normalized
Lebesgue measure (Robin distribution) of T. If λν̂+(1 − λ)ωT is a positive measure
on T (for instance, if λ ∈ [0, 1]), then
(3.4) µN −→ λν̂ + (1 − λ)ωT , N ∈ Λ ,






exp (−λ (V (ν∗; z) − C)) , z ∈ D,
|z|1−λ exp (−λV (ν; z)) , z ∈ E,
locally uniformly in C \ T, where C =
∫
log |t| dν (t).
Proof. By [1], for eachN ∈ Λ the zeros λNk, k = 1, . . . , N , of the Heine-Stieltjes poly-
nomial ϕN , endowed with a +1 charge each, are in the equilibrium position in the external
field created by M negative charges, of weight −wNk, placed at zNk, k = 1, . . . ,M , where
wNk are defined in (2.1). This yields the fact that µN → µ, N ∈ Λ by standard arguments
(see e.g. [4]).
Indeed, the doubled total (discrete) energy of the configuration described above is
KN = 2E (λN1, . . . , λNN ) = −
∑
k 6=l





wNl log |λNk − zNl| ,










wNl log |t− zNl| = −V (νN ; t) .
ETNA
Kent State University 
etna@mcs.kent.edu
Asymptotics of polynomial solutions of a class of generalized Lamé differential equations 23










wNl log |rNk − zNl| ;
integrating with respect to dµ (rN1) . . . dµ (rNN ), we obtain that




ψN (rNk) dµ (rNk) ,
which yields
(3.6) KN ≤ N (N − 1) I (µ) + 2NS
∫
ψNdµ .
On the other hand, if we take ε > 0 and set Kε (x, y) = min {− log |x−y| ,− log ε}, it
is easy to see that
N2
∫∫
Kε (x, y)dµN (x) dµN (y) + 2NS
∫
ψNdµN
= N2I (µN ) + 2NS
∫
ψNdµN −N log ε = KN −N log ε .
The sequence {µN} is weakly compact; thus, eventually passing to a subsequence, we may
assume that µN → σ, N ∈ Λ, where σ is a unit measure supported on T. Then dividing (3.6)
through by N2 and taking limits when N → ∞, N ∈ Λ, we obtain that
∫∫
Kε (x, y) dσ (x) dσ (y) + 2λ
∫
ψ dσ ≤ I (µ) + 2λ
∫
ψ dµ , ψ (s) = −V (ν; s) .
Since ε > 0 is arbitrary, it yields
Iλψ (σ) = I (σ) + 2λ
∫
ψ dσ ≤ I (µ) + 2λ
∫
ψ dµ = Iλψ (µ) .
The uniqueness of the equilibrium measure in an external field implies that σ = µ.
Formula (3.2) is a direct consequence of the identity
log |ϕN (z)| = −N V (µN ; z) , z ∈ C \ T ,
valid for monic polynomials ϕN , and the fact that all the zeros of ϕN belong to T.
Now, assume condition (3.3) satisfied; then supp(ν) ∩ T = ∅, 0 /∈ supp ν, and we can
construct the balayage measure ν̂ of ν onto T.
Formula (3.4) is a well-known fact; see e. g. [5, Lemma IV.4.4]. It is sufficient to observe
that µ = λν̂ + (1 − λ)ωT is a unit measure and
V (µ; z) + ψ(z) = λV (ν̂; z) + (1− λ) V (ωT; z) − λV (ν; z) ≡ const , z ∈ T .
By Lemma 3.1, the expression in the right hand side of (3.4) is the equilibrium measure in
the external field ψ, and the statement follows from (i).
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Having (3.4) we can be more specific in (3.2). Indeed, let





denote the Green function of D; the Green potential of ν is given by
G (D, ν; z) =
∫






∣∣∣∣ dν (t) = V (ν; z) − V (ν
∗; z) + C,
with C =
∫
log |t| dν (t), and ν∗ the measure symmetric to ν with respect to T.
By [5, Theorem II.5.1],
V (ν̂; z) − V (ν; z) =
{
−G (D, ν; z) , z ∈ D,
0, z ∈ E.
Thus,
V (ν̂; z) =
{
V (ν∗; z) − C, z ∈ D,
V (ν; z), z ∈ E.
Taking into account that
V (ωT; z) =
{
0, z ∈ D,
− log |z| , z ∈ E,
we obtain that
V (µ; z) = λV (ν̂; z) + (1 − λ) V (ωT; z) =
{
λ (V (ν∗; z)− C) , z ∈ D,
λV (ν; (z) − (1 − λ) log |z| , z ∈ E,
and along with (3.2) this settles the proof.
REMARKS: For the case where λ > 1 and λν̂ + (1 − λ)ωT is not a positive measure on
the whole T, in general it can be said only that the support of µ is contained in the subset of
T where λν̂ + (1 − λ)ωT is positive. However, we shall see in the last section that in certain
situations more information is available.
Once we know the asymptotic behavior of the Heine-Stieltjes polynomials ϕN , we can
obtain the relative asymptotics for the Van Vleck polynomials CN . For that purpose we
rewrite the differential equation for ϕN in terms of the logarithmic derivative of its solution,
reducing (1.3) to a Riccati equation (see e.g. [3, I.4.9], [6] or [9, Section 86]).
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uniformly in compact subsets of C\T. Analogously, by (3.3) there exists a compact set
K = ∆ ∪ ∆∗ ⊂ C\ (T∪ {0}) such that
(3.8) lim
N∈Λ







locally uniformly in C\K.


















Since with assumption (3.3) {h′N}N∈Λ is also uniformly bounded on compact subsets of





exists and satisfies the equation
z
2λ




Thus, we have established the following
THEOREM 3.3. Under assumption (3.3) the Van Vleck polynomials {CN}N∈Λ satisfy





= zh (z) (2λk (z) − h (z)) ,
where the convergence is uniform in compact subsets of C\ {T∪K}, and where h(z) and
k(z) have been defined in (3.7) and (3.8), respectively.
In particular, the Hurwitz theorem can be used together with (3.9) to get information on
the accumulation points of the zeros of Van Vleck polynomials CN .
4. Examples. In this section, some simple examples illustrating the results above will
be considered.
EXAMPLE 1. Let 0 < r < 1 and denote by U = {z ∈ C : |z| = r} the circle of radius
r centered at the origin. Assume that the zeros of AN contained in D are distributed asymp-
totically uniformly on U . Then obviously (3.1) holds for ν = ωU, the equilibrium measure of
U. Moreover, condition (3.3) is satisfied.
We have
V (ν; z) =
{
− log r, |z| ≤ r,
− log |z| , |z| > r,
and for λ ∈ [0,∞), we have:
V (ωT; z) = λV (ν; z) , z ∈ T .







1, z ∈ D,
|z| , z ∈ E,
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uniformly on compact subsets of the respective domains.







0, z ∈ D,
1/z, z ∈ E,




1/z, |z| > 1/r,
1/(2z), r < |z| < 1/r,










0, z ∈ D \ U,
(λ− 1)/z, 1 < |z| < 1/r,
(2λ− 1)/z, |z| > 1/r,
uniformly on compact subsets of C \ (T ∪ U ∪ U∗), where U∗ = {z ∈ C : |z| = 1/r}.
Using Hurwitz theorem we conclude for instance that if λ /∈ {1/2, 1}, the zeros of Van
Vleck polynomials can accumulate only in D or on the circle U ∗. Moreover, if λ = 1,
according to (4.1) they might accumulate also in the gap between D and U ∗. In [1] it was







ϕN (z) = z




. In this situation the limit points of
the zeros of Van Vleck polynomials still lie in D. It would be interesting to find an example
when these zeros leave the unit disc.
EXAMPLE 2. Assume now that all the zeros of AN inside D cluster asymptotically on a
single point a, |a| < 1, so that ν = δa.
Let us consider first the case λ ∈ [0, 1], where we know that µ = λδ̂a + (1 − λ)ωT. By






|1 − az|λ , z ∈ D\ {a} ,
|z|1−λ |z − a|λ , z ∈ E,
uniformly on compact subsets of the respective domains. Furthermore, by (3.7) and (3.8),
h (z) =
{
λ/(z − a∗), z ∈ D,












, z 6= a, a∗,
and
2λk (z) − h (z) =
{
λ/(z − a), z ∈ D \ {a} ,














(z − a) (z − a∗)















, z ∈ E \ {a∗} ,
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uniformly on compact subsets of the respective domains.
Using the Hurwitz theorem we see that if λ = 1/2 or 1+|a|1+2|a| ≤ λ ≤ 1, the zeros of Van
Vleck polynomials can accumulate only either on T or at the points 0, a and 1/a. On the




Assume now λ > 1; we have seen that (3.4) is still valid for such values of λ for which
λδ̂a + (1 − λ)ωT is a positive measure on T.






dθ, t = eiθ .







, t ∈ T;










and asymptotic formulas above are valid.
On the other hand, if λ > 1+|a|2|a| , it is easy to see that λδ̂a + (1 − λ)ωT is positive on
Sλ =
{
t ∈ T : Re (at) ≥




In the general case we can assure only that supp(µ) ⊂ Sλ, but in our situation we may assert
additionally that suppµ is an arc contained in Sλ. Indeed, for z ∈ T,
V µ (z) = const+λV ν (z) = const−λ log |z − a| .
Applying the maximum principle for potentials [5, corollary II.3.3] we conclude that
the support is a connected subset of T (that is, an arc) contained in Sλ. Obviously, this arc
is symmetric with respect z0 = a/ |a|. When λ → ∞, the arc Sλ tends to the limit arc
S∞ =
{
t ∈ T/Re (at) ≥ |a|2
}
.




αiδai , with |ai| < 1, αi > 0, i = 1, . . . , p and
p∑
i=1
αi = 1 .











Otherwise, supp(µ) will consist of the union of ≤ p arcs.
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[4] A. MARTÍNEZ-FINKELSHTEIN AND E. B. SAFF, Asymptotic properties of Heine-Stieltjes and Van Vleck poly-
nomials, J. Approx. Theory, 118 (2002), No. 1, pp. 131-151.
[5] E. B. SAFF AND V. TOTIK, Logarithmic potentials with external fields, vol. 316 of Grundlehren der Matema-
tischen Wissenschaften, Springer-Verlag, Berlin, 1997.
[6] E. B. SAFF, J. L. ULLMAN AND R. S. VARGA, Incomplete polynomials: an electrostatic approach, in Ap-
proximation Theory III, Academic Press, New York, 1980, pp. 769-782.
[7] H. STAHL AND V. TOTIK, General Orthogonal Polynomials, vol. 43 of Encyclopedia of Mathematics and its
Applications, Cambridge University Press, 1992.
[8] T. J. STIELTJES, Sur certain polynomes que verifient une equation differentielle lineaire du second ordre et sur
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